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We explore the fractal nature of particle showers using Monte-Carlo simulation. We define the
fractal dimension of showers measured in a high granularity calorimeter designed for a future lepton
collider. The shower fractal dimension reveals detailed information of the spatial configuration of
the shower. It is found to be characteristic of the type of interaction and highly sensitive to the
nature of the incident particle. Using the shower fractal dimension, we demonstrate a particle
identification algorithm that can efficiently separate electromagnetic showers, hadronic showers and
non-showering tracks. We also find a logarithmic dependence of the shower fractal dimension on
the particle energy.
PACS numbers: 07.20.Fw, 13.85.Tp, 13.85.-t, 13.40.-f
Introduction.— When an energetic particle impinges
on matter, it may interact and produce daughter parti-
cles, which may themselves interact. This process iter-
ates while daughter particles have sufficient energy. The
resulting particle cascade is called a shower [1, 2]. A pro-
found understanding of particle showers, a fundamental
phenomenon of particle - matter interactions, is crucial
for experimental high energy physics, astrophysics, radi-
ation protection and radiotherapy.
Showers can be classified into electromagnetic and
hadronic types. The development of electromag-
netic showers is governed by e+e− pair-production and
bremsstrahlung interactions. Hadronic showers are com-
posed of long hadron tracks and localised clusters pro-
duced in pi0 decay (pi0 → γγ) or nuclear breakup [3].
The strong interactions between nuclei and hadrons, par-
ticularly pion generation, determine the development of
hadronic showers. The typical spatial configurations of
these two showers types are illustrated in Fig. 1.
These cascade mechanisms give rise to the fractal na-
ture of particle showers. The fractal structure of high
energy cosmic showers in the atmosphere has been pre-
viously studied [4–6]. In this letter, we explore for the
first time the fractal nature of particle showers produced
and measured in a calorimeter. This calorimeter is de-
signed for high energy physics experiments with ultra-
high granularity. We observe a strong dependence of the
number of hits obtained when the effective granularity of
the calorimeter readout is varied, from which we define
the shower fractal dimension. We investigate the depen-
dence of the shower fractal dimension on the type and
energy of the incident particle, and demonstrate a parti-
cle identification algorithm based only on measurements
made with the calorimeter.
Method and Measurement.— The detector used in this
study is a hadron calorimeter designed for a future e+e−
linear collider [7, 8]. The calorimeter structure follows
the geometry of the barrel hadron calorimeter (HCAL)
of the International Large Detector [9]. Prototypes of
such an HCAL have been developed by the CALICE col-
laboration [10, 11]. The calorimeter consists of 48 layers
of 20 mm thick iron absorbers, interleaved with 6.5 mm
thick resistive plate chambers (RPC). In the CALICE
prototypes, the RPCs are read out in binary mode with
a granularity of 10 × 10 mm2. Such high granularity is
required by particle flow algorithms, which can achieve
excellent jet energy resolution by separating the individ-
ual particles in a jet and measuring them in the most
suited subdetectors. It also provides a detailed view of
the showers forgotten since the age of heavy liquid bubble
chambers [12].
The typical lateral dispersion of induced charge in the
RPC is around 1 mm, so 1× 1 mm2 represents the ulti-
mate granularity achievable with this technology. In this
study, we simulated a 1 × 1 mm2 readout granularity.
The interactions of different particles (pi+, µ+, e+, K0L)
in the calorimeter were simulated.
The effective readout cell size can be varied by group-
ing blocks of α × α cells, where α defining the scale at
which the shower is analysed. Defining Nα as the num-
ber of hits at scale α, the ratio of the number of hits at
different scales can be written as:
Rα,β = Nβ/Nα.
Choosing β to be smaller than α, this ratio is then equal
to or larger than 1. To make the best use of the recorded
spatial information, β can be set to 1, corresponding to
the ultimate cell size. In our study, β has been set to
be either 1 or 10. The former is used to explore the
self-similar behavior of showers at a small scale, while
the latter is used to estimate the performance at a scale
realized in current calorimeter prototypes [10, 11].
Fig. 2 shows the correlation between the hit ratio Rα,1
and the scale α for various samples. For both electro-
magnetic and hadronic showers, a linear dependence is
observed on a double logarithmic scale. The shower frac-
tal dimension can therefore be defined as
2FIG. 1. A simulated τ+ → 2γ(pi0) + pi+ + ν¯τ event in a lin-
ear collider calorimeter. Photons and their showers (electro-
magnetic) are colored blue, pi+ and its shower (hadronic) are
colored red. The green line indicates the neutrino trajectory,
which roughly corresponding to the direction of τ+. The de-
tector hits are displayed according to their size (10×10 mm2)
and orientation.
FDβ =
〈
log(Rα,β)
log(α)
〉
+ 1. (1)
The first term represents the average slope of the corre-
lation shown in Fig. 2, while the second term is due to
the longitudinal degree of freedom, since the effective cell
size is varied only within detector layers. With increas-
ing scale, the number of hits converges to the number of
fired layers, and these curves therefore saturate at large
scale. An adequate scale range is needed to calculate the
fractal dimension. In this analysis, 16 ratios were used
to calculate FD1mm: Ri,1 (i = 2-10, 20, 30, 50, 60, 90,
120, 150), while 7 ratios were used at β = 10: Ri,10 (i =
20, 30, 50, 60, 90, 120, 150). Muons usually induce only
a non-showering track in the calorimeter, which can be
regarded as an extreme case of a particle shower. Their
fractal dimension is thus also measured using the same
method (Fig. 2(b)).
The main features of the curves shown in Fig. 2 can
be understood qualitatively. In the ideal case, non-
showering particles such as µ+ deposit only one hit per
layer. Therefore the number of hits is almost insensitive
to the scale. The first term in Eq. 1 vanishes, yield-
ing a fractal dimension of 1. Electromagnetic showers
are the most compact and exhibit the largest fractal di-
mension. As discussed above, hadronic showers are com-
posed of tracks from charged hadrons and localized elec-
tromagnetic sub-showers, giving fractal dimensions with
a value between those of electromagnetic showers and
non-showering particles. The fractal dimensions of dif-
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FIG. 2. Dependence of the ratio Rα,1 versus the scale α for
different samples, 1k events were simulated per sample per
energy point. (a) e+, (b) µ+, (c) pi+ and (d) K0L.
ferent hadrons (pi+, K0L) at the same energy are very
similar. Similar curves were observed for neutrons and
protons. Because pi+ showers have minimum ionizing
particle tracks before the first interaction while K0L show-
ers do not, the mean fractal dimension of pi+ showers is
slightly smaller than that of K0L showers at a given en-
ergy.
Fig. 3 shows the measured fractal dimension for e+
samples at different energies, where a linear dependence
of the average FD on the logarithm of the incident par-
ticle energy is observed. As shown in Fig. 3, the average
shower fractal dimension scales approximately as:
FDµ1mm(E) = 1.2
FDem1mm(E) = 1.41 + 0.21× log10(E/GeV) (2)
FDhad1mm(E) = 1.24 + 0.15× log10(E/GeV)
where E is the incident particle energy.
Application to particle identification.— To be appli-
cable to current HCAL prototype data, the follow-
ing discussion is based on the fractal dimension using
10 × 10 mm2 readout cells. Mathematically, the fractal
dimension is rigorously defined at infinitesimally small
sizes, but in practice, as long as the particle shower cre-
ates more than 10 hits, the measured fractal dimension
can reflect the nature of the incident particle. Since each
hadronic shower hit in the prototypes is roughly equiva-
lent to 100 MeV energy deposition [10, 11], we can mea-
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FIG. 3. Left: Fractal dimension of positron samples at dif-
ferent energies. Right: Correlation between fractal dimension
and particle energy.
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FIG. 4. 40GeV µ+, e+ and pi+ samples at 10 mm calorimeter
cell size. Left: Fractal dimension, Right: Fractal dimension
versus number of hits
sure the fractal dimension of showers with energy of at
least 1 GeV with the current prototypes.
The distributions of FD10mm of 40 GeV µ
+, e+ and
pi+ showers are shown in the left plot of Fig. 4. These
distributions are well separated. The FD10mm distribu-
tion of the e+ sample is approximately Gaussian, while
that of the µ+ sample is peaked at low values with a
positive tail due to bremsstrahlung photons. The distri-
bution of the pi+ sample lies between the other two with
slight overlaps. These overlaps are mainly caused by ex-
perimentally indistinguishable events. A pi+ shower can
have a fractal dimension comparable to a µ+ shower in
the case of pion decay (pi+ → µ+ + νµ) before reaching
the calorimeter. On the contrary, if the majority of the
pi+ energy is deposited electromagnetically, the fractal
dimension of the pi+ shower can be close to that of e+
showers. For example, a charged pion may convert into
pi0 through isospin exchange (pi+ + n→ pi0 + p).
The separation in Fig. 4 indicates that the measured
shower fractal dimension can be used for particle identifi-
cation, a key task of event reconstruction in experimental
)
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FIG. 5. Left: Distribution of 1-80 GeV e+ and pi+ sam-
ples in the plane of fractal dimension versus number of hits.
Right: Efficiency of tagging electromagnetic (red curve) and
hadronic (blue curve) showers at different energies with the
cut indicated by the black line in the left plot.
high energy physics. The right plot of Fig. 4 shows the
distribution of shower fractal dimension versus number
of hits for 40 GeV µ+, e+ and pi+ samples. The fact
that these samples are clearly separated suggests that
even straightforward cuts can provide efficient particle
identification. Showers with FD > 0.68 are identified as
electromagnetic, those with FD < 0.68 and Nhits > 200
as hadronic, and the rest as µ+ (as indicated by the black
lines in the right plot of Fig. 4). The performance of this
selection is shown in Table I.
TABLE I. Performance of particle identification based on
shower fractal dimension, the particle energy is fixed at
40 GeV.
e+ µ+ pi+
e+ 100% 0 0
µ+ 0 99.5% 0.5%
pi+ 1.7% 1.4% 96.9%
The distribution of the e+ and pi+ samples in the plane
of these two observables depends on the initial parti-
cle energy. Fig. 5 shows the distributions of e+ and
pi+ samples over an energy range of 1 to 80 GeV. For
both types, samples are simulated at 18 energy points
(1, 2 → 10 GeV, 15 GeV, 20 GeV, 30 → 80 GeV) with
1000 events at each point. Both samples exhibit a lin-
ear dependence of the shower fractal dimension on the
logarithm of the number of hits, supporting the observa-
tion that the shower fractal dimension is logarithmically
dependent on the particle energy.
The e+ and pi+ samples are well separated over the
entire energy range. This global separation can be used
to identify the type of incident particle without refer-
ence to its energy. For example, a global cut of 0.67 on
4the combined observable log10(Nhits) − 2.8 × FD10mm
(indicated by the black line in the left plot of Fig. 5)
can correctly identify 98% of electromagnetic and 96% of
hadronic showers, averaged over the whole energy range.
The energy dependence of these efficiencies is shown in
the right plot of Fig. 5. The inefficiency is mainly due
to fluctuations at low energies. If we restrict the sam-
ple energy to be higher than 10 GeV, the efficiency of
electromagnetic and hadronic shower tagging can reach
99.5% and 98.7% respectively.
The particle identification algorithm demonstrated
above is different from conventional methods in two as-
pects: first, the shower fractal dimension is based solely
on calorimeter data, which avoids possible bias when
combining measurements from different detectors (for ex-
ample, one of the most discriminating variables, the E/P
ratio, requires both the particle energy measured with
the calorimeter and the particle momentum measured
with the tracker). Secondly, the shower fractal dimen-
sion is defined in transverse directions, and is therefore
orthogonal to the longitudinal shower profiles widely used
in conventional particle identification algorithms. The
performance of this fractal-dimension-based algorithm is
comparable to that of the Z → ττ particle identifica-
tion result of ALEPH [13], which makes use of tracker,
calorimeter and Muon chambers. Of course, other mea-
surements can be combined to achieve a better result,
however, the performance of this method is already close
to the limit where the inefficiency is dominated by in-
distinguishable processes of charged pi decay and isospin
exchange. This method is also valid for particles with en-
ergy as low as 1 GeV, where particle identification with
the conventional calorimeter measurements becomes dif-
ficult [10].
Conclusions.— Using a sampling calorimeter with high
transverse granularity (1 cm2 cell size), we explore the ex-
pected transverse self-similar pattern of particle showers.
We observe a clear logarithmic dependence of the num-
ber of hit cells on the cell size over an adequate range
of scales (from 1 mm upto 100 mm), from which we de-
fine the shower fractal dimension. The shower fractal
dimension reveals detailed information of showers’ spa-
tial configuration, and is found to be characteristic of
the nature of the impinging particle. Using the fractal
dimension, we demonstrate a particle identification al-
gorithm based purely on calorimeter observables, which
can distinguish electromagnetic showers, hadronic show-
ers and non-showering tracks with efficiencies close to the
physical limit, and valid for particles with energy as low
as 1 GeV. A logarithmic dependence between the shower
fractal dimension and impinging particle energy is also
observed.
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